Abstract. Illusie has suggested that one should think of the classifying group of M gp X -torsors on a logarithmically smooth curve X over a standard logarithmic point as a logarithmic analogue of the Picard group of X. This logarithmic Picard group arises naturally as a quotient of the algebraic Picard group by lifts of the chip firing relations of the associated dual graph. We connect this perspective to Baker and Norine's theory of ranks of divisors on a finite graph, and to Amini and Baker's metrized complexes of curves. Moreover, we propose a definition of a combinatorial rank for line bundles on X and prove that an analogue of the Riemann-Roch formula holds for our combinatorial rank. Our proof proceeds by carefully describing the relationship between the logarithmic Picard group on a logarithmic curve and the Picard group of the associated metrized complex. This approach suggests a natural categorical framework for metrized complexes, namely the category of logarithmic curves.
Introduction
Let k be an algebraically closed field and S = (Spec k, k * ⊕ N) the standard logarithmic point over k. Let X → S be a logarithmically smooth curve over S of genus g. Suppose furthermore that the logarithmic structure on X is vertical (i.e. it encodes no marked points) and logarithmically semistable (i.e. the total space of every logarithmic smoothing of X is smooth). In [Ill94] Illusie proposes that in this situation the group should function as an analogue of the algebraic Picard group from the point of view of logarithmic geometry. The group Pic log (X) parametrizes M gp X -torsors on X et , and can be expressed as a natural quotient of the algebraic Picard group Pic(X) by canonical lifts of the chip firing relations in the theory of divisors on finite graphs. We refer the reader to [Kaj93] and [Ols04, Section 3] for a discussion of the geometric properties of the logarithmic Picard group and to Section 2 below for its precise connection to chip firing on graphs.
Let L be a line bundle on X, representing an M gp X -torsor. Inspired by analogous constructions in tropical geometry (see [BN07] , [AC13] , and [AB15] ) we define in Section 3 below the combinatorial rank r(L) = r comb (L) of L. We also define the degree of L as the sum of the degrees of the pullbacks of L to the connected components of the normalization of X. Denote by ω log X the relative logarithmic cotangent bundle on X. Our main result is the following Riemann-Roch theorem. Our Theorem 1.1 is proved by a reduction to the theory of ranks of divisors on metrized complexes of algebraic curves, as developed in [AB15] . Throughout the paper, we refer to these as metrized curve complexes. In Section 4 and Section 5 below we describe a precise correspondence between logarithmic curves and metrized curve complexes, under which every line bundle L on X can be represented by a divisor D on the associated metrized curve complex of the same degree and rank. Therefore Theorem 1.1 is a consequence of the Amini and Baker's RiemannRoch formula for metrized curve complexes (see [AB15, Theorem 3.2]). Remark 1.2. We refrain from considering the case of curves with marked points here (corresponding to non-vertical log smooth curves), since the treatment in [AB15] does not include metrized curve complexes with legs. We do not know if the Riemann-Roch formula continues to hold in this more general setting.
Like its classical and tropical counterparts, the above Riemann-Roch theorem has a number of well-known formal consequences, such as the following analogue of the "easy half" of Clifford's Theorem:
We say that a line bundle L on X is combinatorially special if ω log X ⊗ L −1 is combinatorially effective (see Section 3 below for details). Corollary 1.3 (Clifford's Theorem for logarithmic curves). Let L be a combinatorially special line bundle on X. Then we have
Moreover, we have equality if and only if X admits a line bundle of degree 2 and combinatorial rank 1.
The second statement above follows from the version of Clifford's theorem proved for metrized curve complexes by Len [Len17] and our comparison between logarithmic curves and metrized complexes.
If the components of X are smooth (i.e. if they do not have self-intersections), a notion of the "combinatorial rank" of a line bundle on X has already been proposed by Amini and Baker in [AB15, Section 2.2] without using the formalism provided by logarithmic Picard groups. Our definition of a combinatorial rank is a generalization of their definition that applies to general nodal curves (see Corollary 5.4 below).
1.1. Motivation and further discussion. In recent years, there has been rapid development in the theory of linear series for degenerations of curves outside the compact-type locus in the moduli space of curves. Let X → Spec(R) be a flat, regular, semistable degeneration of a smooth curve over a discrete valuation ring. If the special fiber of X has more than one irreducible component, then any line bundle L on the generic fiber of X has infinitely many extensions to the special fiber. The combinatorial aspects of the interactions between these extensions can be captured by an independently studied combinatorial tool on the dual graph G of the special fiber of X, known as chip-firing relations. These chip-firing relations can be interpreted as a "tropical" notion of linear equivalence for an entirely combinatorial divisor theory on G. In this framework we may then study degenerations that have low geometric complexity, for instance, degenerations to rational curves, but high combinatorial complexity in G. This theory was pioneered by Baker and Norine [BN07, Bak08] and has led to numerous applications to the geometry and arithmetic of algebraic curves. We direct the reader to the survey [BJ16] and to the references therein, for an introduction to this theory and its applications.
In order to interpolate between the compact-type case considered by Eisenbud and Harris [EH86] and the maximal degenerations considered in the tropical approach, Amini and Baker introduced their notion of metrized curve complexes This theory consists of hybrid objects that are simultaneously tropical and algebraic in nature. Its "algebraic part" is a nodal curve, while its "tropical part" is a graph. While these objects provide a flexible framework to study degenerations of linear series, so far there has not existed a natural categorical framework in which to study them.
One of the primary insights of this paper is that logarithmically smooth curves over the standard logarithmic point form a natural and well-established category that contains the theory of metrized curve complexes. Just like a metrized curve complex, any logarithmic scheme Y has an underlying scheme Y, as well as a tropicalization Y trop , via the results of [Uli17] . These associations are functorial, and moreover, logarithmic schemes form a category with a good notions of morphisms and moduli functors. In the context of linear series, we suggest here that the notion of a "logarithmic Picard group", i.e. the classifying group for torsors of M gp X , has good interaction with the existing tropical and algebraic theories. For instance, Theorem 1.1 reduces to both the classical Riemann-Roch theorem and Baker and Norine's Riemann-Roch theorem for finite graphs in special cases. Example 1.4 (Classical Riemann-Roch). Suppose that the curve X underlying X is already smooth. In this case the dual graph of X is a single vertex and hence the chip-firing relations are trivial. We deduce that Pic log (X) = Pic(X), and for every line bundle L on X the formula r comb (L) = r alg (L) = h 0 (X, L) − 1 holds. Thus Theorem 1.1 reduces to the classical Riemann-Roch formula
Example 1.5 (Riemann-Roch for graphs). Given a finite graph G, one can construct a maximally degenerate logarithmically smooth, semistable, unmarked curve X G over S such that the dual graph of X G is G. If the vertices of G have valence either 2 or 3, the logarithmic curve X G is unique up to isomorphism. For any such X G , every divisor D on G arises as the multidegree of a line bundle L on X G , the combinatorial rank r(L) of L is exactly the Baker-Norine rank r G (D)
of D on G (see [BN07] ), and Theorem 1.1 reduces to the Riemann-Roch formula In view of Example 1.4 above it is tempting to suspect that a proof of Theorem 1.1 would provide us with a new proof of the classical Riemann-Roch theorem. However, the proof of the Riemann-Roch theorem for metrized curve complexes in [AB15] and therefore our proof of Theorem 1.1 employs both the classical Riemann-Roch theorem as well as essential ideas from the proof of Baker-Norine's graph-theoretic Riemann-Roch theorem.
We close by mentioning two alternate approaches that may help us gain a deeper understanding of the geometry of a metrized curve complex. The first proceeds via Huber's theory of adic spaces, with the tropical connections being established by Foster and Payne [Fos15, FP17] . In this approach, one first chooses a semistable formal model X of a curve. The collection of all models obtained by admissible formal blowups of X forms an inverse system of formal models, and the inverse limit of this system is naturally identified with the Huber adic space X ad . By restricting this inverse limit to the subsystem corresponding to modifications that do not change the homeomorphism type of the dual graph, one obtains an adic skeleton of X. The metrized complex associated to X can be understood as a partial Hausdorff quotient of this adic skeleton. This gives the metrized complex a topological structure, enriching the originally only set-theoretic definitions. Note that the adic skeleton also comes with a structure sheaf of analytic functions.
Another approach to understanding metrized complexes proceeds via Parker's theory of exploded manifolds. This theory has been developed with a view towards applications in symplectic Gromov-Witten theory. However, every exploded curve in Parker's theory comes with a tropical part and a geometric part. The tropical part of an exploded curve is a dual graph of a prestable curve with a piecewise integer affine structure, while the geometric part is naturally identified with the complex points of a stable curve. In fact, as explained in [Par12, Section 10], the points of the moduli stack of exploded curves can be naturally identified with the groupoid of logarithmic curves over (Spec C, C * ⊕ N). Under this equivalence, families of exploded curves correspond to families of logarithmic curves over logarithmic bases.
It is our hope that these results will motivate a further study of the relationship between logarithmic geometry, limit linear series, and tropical Brill-Noether theory, mirroring the development of such a relationship in the theory of stable maps.
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The logarithmic Picard group and chip firing
Throughout this article, unless mentioned otherwise, all monoids and logarithmic structures are fine and saturated. In particular, all logarithmic structures are defined on the small étale site of a scheme X and all cohomology groups are taken with respect to this étale topology. We refer the reader to [Kat89] as well as [ACG + 13] for the basics of logarithmic geometry. The term curve will stand for a one-dimensional reduced and connected scheme that is proper over an algebraically closed field k. By a finite graph we mean a finite multigraph possibly with loops. We will think of every edge of the graph as the union of two half edges.
Let P be a sharp monoid and denote by S := (Spec k, k * ⊕ P) the logarithmic point with monoid P. Let X → S be a logarithmically smooth curve over S. Recall from [Kat00, Section 1.1] that the underlying curve X is nodal and the characteristic monoid M X,x = M X,x /O * X,x at a closed point x ∈ X is of one of the following three types:
(i) at a node x e , there exists an element p e ∈ P with associated map N −→ P giving rise to a monoid coproduct N 2 ⊕ N P (where N → N 2 is the diagonal), and we have M X,xe = N 2 ⊕ N P;
(ii) there is a finite number of smooth points x 1 , . . . , x n on X such that M X,x i = N ⊕ P, the marked points of X, and (iii) for all other points x of X we have M X,x = P. If we want to emphasize the dependence of the amalgamated sum N 2 ⊕ N P in (i) on p e we use the notation N 2 ⊕ ∆,N,pe P instead.
For the remainder of this section let us assume P = N, that X is vertical, i.e. that it has no marked points, and that X is logarithmically semistable, i.e. for every node x e of X we have p e = 1 (so that every logarithmic smoothening of X has a smooth total space; see [Ols04, Section 2]).
We denote by G = G X the dual graph of X. The vertices V = V(G) of G are in one-to-one correspondence with the components X v of X, and we have an edge e ∈ E = E(G) between two vertices v, v ′ for each node x e connecting the two components X v and X v ′ . Note that we explicitly allow v = v ′ , i.e. a component X v can intersect itself in a node x e ; the corresponding edge is a loop in G emanating from v.
Denote by π : X → X the normalization of X, write X v (respectively X v ) for the irreducible (respectively connected) components of X (respectively X), and let π v : X v → X v denote the restriction of π.
We have
. Therefore the fundamental short exact sequence
and we see that Pic log (X) is a quotient of Pic(X) = H 1 (X, O * X ) by the relations induced by a homomorphism of abelian groups 
Note in particular that Proposition 2.1 also determines L v | Xv , as it induces a natural isomorphism
Proof of Proposition 2.1. Denote by e v the section of M gp X corresponding to 1 ∈ Z on the component X v of X. Then L v is exactly the O * X -torsor of lifts of e v to M gp X . Let U be an étale neighborhood around a node x e of X connecting X v and X w , small enough so that we may assume that X is isomorphic to
where X v is given by x = 0 and X w by y = 0. Suppose we have a liftẽ v of e v to M gp X on U. Then α(ẽ v ) ∈ O X (U) is equal to x up to a multiple in O * X , and this implies that
In 
descends to a homomorphism τ : Pic log (X) −→ Pic(G) .
Proof. In the notation of Proposition 2.1 we have that
Therefore adding mdeg(L v ) to a divisor on G coincides with the operation of carrying out a chip-firing move at the vertex v. Since the kernel of Pic(X) ։ Pic log (X) is generated by the L v , this implies the claim.
Given a line bundle L on X, we define its degree by
Corollary 2.3 ([Ols04] Corollary 3.5). The degree map descends to a map
Proof. The degree of a line bundle L on X is equal to the degree of mdeg L on G and the claim follows from the invariance of the degree map on Div(G) under chip firing.
Remark 2.4. The combinatorics of chip firing has also appeared in algebraic geometry without the term being explicitly used, most notably in Caporaso's thesis [Cap94] . The explicit combinatorics and its relation to the component group of the Néron model of the Picard variety (see [Ray70] ) can be found in [Cap08, Section 3] using the terminology of so-called "twisters" for extensions of the trivial line bundle in a semistable degeneration.
Combinatorial positivity and rank
Let G be a finite graph.
The linear system |D| of D is defined to be the set
Recall from [BN07, Section 2] that the Baker-Norine rank r G (D) of a divisor D on G is defined as the biggest integer r ≥ 0 such that for all effective divisors D ′ of degree r the linear system |D − D ′ | = ∅. If this condition is not fulfilled for any r ≥ 0, we set r G (D) = −1. We now give an analogous collection of definitions for line bundles on a log curve X as in the previous section (using the ideas in [BN07] and [AB15] as inspiration). A line bundle L on X is said to be combinatorially effective (written as L ≥ 0), if the restriction π * L| Xv has non-negative rank for all v, i.e. if we have
Definition 3.1. Let L be a line bundle on X. Define the combinatorial linear system |L| of L as the set
The combinatorial rank r(L) = r comb (L) of L is defined as the greatest integer r ≥ 0 such that |L ⊗ (L ′ ) −1 | = ∅ for all line bundles L ′ of degree r. If this condition is not fulfilled for any r ≥ 0, we set r(L) = −1.
Remark 3.2. The terminology here is meant to parallel the terminology in [AB15, Section 2.2]. In fact, we will prove later (Corollary 5.4) that when both notions apply, they indeed agree with each other.
It is immediate that, if two line bundles L and L ′ are combinatorially equivalent on X, then |L| = |L ′ | as well as r(L) = r(L ′ ), so that these depend only on the associated M gp X -torsor. Proposition 3.3. Let X be a logarithmic curve that is vertical and logarithmically semistable, and denote by G its dual graph. Given a line bundle L on X, we have
Propositions 5.1 and 5.3 below show that, if X is maximally degenerate, the above inequality becomes an equality, i.e. we have
This, in particular, explains Example 1.5 in the introduction. 
Finally, in order to explain Example 1.4 from the introduction, suppose that the underlying curve X of X is already smooth. Then X has only one component and Proposition 2.1 shows that the map
is zero. Therefore the quotient above induces an isomorphism Pic(X) ≃ Pic log (X) .
Proposition 3.4. Assume that X is smooth, and let L be a line bundle on X. Then we have 
Metrized curve complexes and logarithmic curves
We begin by recalling the definition of metrized curve complexes, as originally introduced in [AB15] . In fact, inspired by the upcoming [CCUW17] , we provide a slight generalization of the definition in [AB15] , where we allow the edge lengths to take values in arbitrary sharp monoids.
Definition 4.1. Let P be a sharp monoid (not necessarily fine and saturated). A metrized curve complex C with edge lengths in P over the field k is given by the following data:
• a connected finite graph G together with a function d : E(G) → P that we call edge length;
• for each vertex v of G, a pair (C v , x v ) consisting of a complete nonsingular curve C v and a bijection f → x f v from the half-edges f emanating from v to a finite subset
If P is a submonoid of R ≥0 , this is precisely the notion defined in [AB15] ; in this case it is often useful to think of C in terms of its geometric realization |C| given as the union of all C v and all edges e (of length d(e)) where the endpoint of an edge e at a vertex v is identified with x e v ∈ C v . We may associate to every metrized curve complex C with values in P its underlying weighted metric graph Γ by considering the vertex-weight
The genus of C is defined to be the number
where b 1 (G) = #E(G) − #V(G) + 1 is the Betti number of the graph G.
Remark 4.2. In addition to submonoids of the real numbers, another natural class of monoids to work with are valuated monoids, for instance, the non-negative elements in the abelian group R k for the lexicographic order. The metrized complexes thus obtained arise naturally from skeletons of Hahn analytic spaces, as introduced and studied in [FR15] . Definition 4.3. An automorphism φ of a metrized curve complex C consists of the following data:
• an automorphism φ Γ of the underlying graph G;
for all edges e of G;
A marking of C is a choice of n points p 1 , . . . , p n on v C v − A v . An automorphism φ of (C, p 1 , . . . , p n ) is an automorphism φ of C such that φ(p i ) = p i .
Denote by S g,n the category fibered in groupoids of logarithmically smooth curves of genus g with n marked points, as introduced in [Ols07] . By [Ols07, Lemma 5.1] S g,n is an algebraic stack.
It contains an open substack S • g,n parametrizing smooth n-marked curves and the complement of S • g,n in S g,n has normal crossings, making S g,n into a logarithmically smooth Artin stack.
Theorem 4.4. Let P be a fine and saturated monoid that is sharp. Denote by S = (Spec k, k * ⊕ P) the logarithmic point with monoid P. There is a natural equivalence of groupoids S g,n (S) ∼ − −→ metrized curve complexes of genus g with n marked points and edge lengths in P .
Proof. To a logarithmically smooth curve X over S we associate a metrized curve complex C(X) with edge lengths as follows:
• Its underlying graph G X is the dual graph of X. A vertex v of G X corresponds to an irreducible component X v of X, and G X contains an edge e between two vertices v and w for every node x e that is contained in the components X v and X w .
• The length of an edge e is the element p e ∈ P given by 1 → p e in the morphism N → P determining the second summand in
• To a vertex v in G X we associate the normalization X v of the corresponding irreducible component. If e is a not a loop we associate to e the unique preimage of the node x e in X v . Otherwise, if e is a loop, it consists of two half-edges f 1 and f 2 emanating from v, to which we associate the two preimages x f i ,v (for i = 1, 2) of x e in C v .
• Finally, each marked point x l i in X becomes a marked point on the normalization X v of the component X v that x l i is contained in.
Conversely, we may associate to a metrized curve complex C with edge lengths in P a logarithmically smooth curve X C as explained below:
• The underlying algebraic curve X C is a nodal configuration given by glueing every C v to C w along a node at the points x f,v and x f ′ ,w , whenever the half edges f and f ′ form an edge in G C .
• The curve X C carries a minimal logarithmic structure M ′ over the standard logarithmic point S ′ = Spec k, k * ⊕ N E(G C ) , which also encodes the marked points x 1 , . . . , x n . The monoid homomorphism
induces a map S → S ′ , and we define the logarithmic structure M X on X C as the pullback of M ′ X along this map. The two associations X → C(X) and C → X C are mutually inverse (up to isomorphism). An automorphism φ of a logarithmic curve X over S naturally induces an automorphism φ G of the weighted dual graph as well as isomorphisms X v ∼ − → X f(v) for every vertex of G. Moreover, the automorphism f induces an isomorphism
for every node x e of X and this implies that d φ G (e) = p e = d(e) for every edge e of G. This shows that φ induces a natural automorphism φ C(X) of C(X). If X has marked points φ preserves their marking and so does the induced automorphism φ C(X) . The association φ → φ C(X) is clearly functorial in φ and every automorphism of C(X) uniquely determines an automorphism of X. This finishes the proof of Theorem 4.4.
Comparing Picard groups
Let us recall from [AB15] the theory of ranks of divisors on metrized curve complexes. For simplicity we restrict our attention from now on to a metrized curve complex C with edge lengths in N, all equal to one.
A 
Proof. We are going to show that r G (D G ) ≥ r implies r C (D) ≥ r. The case r = −1 is trivial, so we may assume r ≥ 0. Let D ′ be a divisor on C of degree r. Proposition 5.3. Let X be a logarithmically smooth curve over S = (Spec k, k * ⊕N) that is logarithmically semistable and vertical. Denote by C = C(X) the corresponding metrized curve complex.
(i) There is natural short exact sequence
where b 1 (G) = #E − #V + 1 is the Betti number of the dual graph G = G X of X, i.e. Pic log (X) is an extension of Pic(C) by the split algebraic torus (k * ) b 1 (G) .
(ii) The epimorphism Pic log (X) ։ Pic(C) preserves degrees and ranks, i.e. given a line bundle L on X,
Proof. The short exact sequence
which in turn gives rise to a natural short exact sequence
This shows that Pic(X) is an extension of Pic( X) by the split algebraic torus (k * ) b 1 (G) . Note that Div( X) = Div(C). By Propositon 2.1, the Picard group Pic(C) of C naturally arises as the quotient of Pic( X) by the chip firing relations that are induced by the composition , whose proof follows the strategy originally introduced in [BN07] and modified in [MZ08] .
